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^ ■ ABSTRACT 

2 ■ In this paper, we investigate the new agegraphic dark energy model in the frame- 

c/3 ! work of Brans-Dicke theory which is a natural extension of the Einstein's general 

' relativity. In this framework the form of the new agegraphic dark energy density 

takes as = 3n^O(t)ri~^, where rj is the conformal age of the universe and 0(0 is 
the Brans-Dicke scalar field representing the inverse of the time- variable Newton's 
constant. We derive the equation of state of the new agegraphic dark energy and 
Q\ '. the deceleration parameter of the universe in the Brans-Dicke theory. It is very in- 

I teresting to find that in the Brans-Dicke theory the agegraphic dark energy realizes 

0^ I quintom-like behavior, i.e., its equation of state crosses the phantom divide w = -I 

^ ■ during the evolution. We also compare the situation of the agegraphic dark energy 

O ■ model in the Brans-Dicke theory with that in the Einstein's theory. In addition, we 

discuss the new agegraphic dark energy model with interaction in the framework of 
I the Brans-Dicke theory. 



1 Introduction 



There is no denying that our universe is currently undergoing a period of accelerated expan- 
sion, and consequently the investigation of dark energy has become one of the hottest topics 
in modem cosmology. This cosmic acceleration has been widely proved by many astronom- 
ical observations, especially by the observation of the type la supernovae [1] which provides 
confirmatory evidence for this remarkable finding. Combining the analysis of cosmological ob- 
servations we realize that the universe is spatially flat and a mysterious dominant component, 
dark energy, which is an exotic matter with large enough negative pressure, leads to this cos- 
mic acceleration. The preferred candidate of dark energy is the Einstein's cosmological costant 
which can fit the observations well, but is plagued by the "fine-tuning" and the "cosmic coin- 
cidence" problems [2]. In order to alleviate the cosmological-constant problems and explain 
the acceleration expansion, many dynamical dark energy models have been proposed, such as 
quintessence [3], phtantom [4], quintom [5], ^-essence [6], hessence [7], tachyon [8], Chaplygin 
gas [9], Yang-Mills condensate [10], ect. 

In fact, the dark energy problem might be in essence an issue of quantum gravity [11]. By 
far, however, a complete theory of quantum gravity has not been established, so it seems that 
we have to consider the eff"ects of gravity in some eff"ective quantum field theory in which some 
fundamental principles of quantum gravity should be taken into account. It should be stressed 
that the holographic principle [12] is commonly believed as a fundamental principle of the 
underlying quantum gravity theory. Based on the holographic principle, a viable holographic 
dark energy model was constructed by Li [13] by choosing the scale of the future event horizon 
of the universe as the infrared cutoff" of the effective quantum field theory. The holographic 
dark energy model is very successful in explaining the observational data and has been studied 
widely (see, e.g., Refs. [14-16]). More recently, a new dark energy model, dubbed "agegraphic 
dark energy" model, has been proposed by Cai [17], which is also related to the holographic 
principle of quantum gravity. The agegraphic dark energy takes into account the uncertainty 
relation of quantum mechanics together with the gravitational eff"ect in general relativity. 

In the general relativity, one can measure the spacetime without any limit of accuracy. How- 
ever, in the quantum mechanics, the well-known Heisenberg uncertainty relation puts a limit of 
accuracy in these measurements. Following the line of quantum ffuctuations of spacetime, 
Karolyhazy and his collaborators [18] (see also Ref. [19]) made an interesting observation con- 
cerning the distance measurement for Minkowski spacetime through a light-clock Gedanken 
experiment, namely, the distance t in Minkowski spacetime cannot be known to a better accu- 
racy than 

6t = At]l^t^l\ (1.1) 
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where A is a dimensionless constant of order unity. 

The Karolyhazy relation (11.11) together with the time-energy uncertainty relation enables one 
to estimate a quantum energy density of the metric fluctuations of Minkowski spacetime [19, 
20]. Following Refs. [19,20], with respect to the Eq. (11.11) a length scale t can be known with 
a maximum precision St determining thereby a minimal detectable cell 6t^ ~ t^t over a spatial 
region P. Such a cell represents a minimal detectable unit of spacetime over a given length 
scale t. If the age of the Minkowski spacetime is t, then over a spatial region with linear size t 
(determining the maximal observable patch) there exists a minimal cell SP the energy of which 
due to time-energy uncertainty relation cannot be smaller than [19,20] 

Es,^~t-'. (1.2) 

Therefore, the energy density of metric fluctuations of Minkowski spacetime is given by [19,20] 

^ J- ^ n^^ 

where Mp is the reduced Planck mass. This energy density can be viewed as the density of 
dark energy (i.e., the agegraphic dark energy). Thus, furthermore, the energy density of the 
agegraphic dark energy can be written as [17] 

p, = 3n^Mlt-\ (1.4) 

where the numerical factor 3rP is introduced to parameterize some uncertainties, such as the 
species of quantum fields in the universe, the eff'ect of curved spacetime (since the energy den- 
sity is derived for Minkowski spacetime) and so on. 

In the original version of the agegraphic dark energy model [17], the time scale t in Eq. (11.41) 
is chosen to be the age of the universe T, however, unfortunately this version suffers from some 
internal inconsistencies of the model [21,22]. To avoid these internal inconsistencies, a new 
version of this model was proposed by Wei and Cai [22] by replacing the cosmic age T with the 
cosmic conformal age rj for the time scale in Eq. (11.41) . So, the new agegraphic dark energy has 
the energy density [22] 

p, = 3n^Mlr]-\ (1.5) 

where 




(1.6) 



is the conformal age of the universe. The new agegraphic dark energy model is successful in 
fitting the observational data and has been studied extensively [23-25]. In this note, we will 
study the new agegraphic dark energy model in the framework of the Brans-Dicke theory. 
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The Brans-Dicke theory [26] is a natural alternative and a simple extension of the Ein- 
stein's general relativity theory. Also, it is the simplest example of a scalar-tensor theory of 
gravity [27]. In the Brans-Dicke theory, the purely metric coupling of matter with gravity is 
preserved, thus the universality of free fall (equivalence principle) and the constancy of all 
non-gravitational constants are ensured. The Brans-Dicke theory can pass the experimental 
tests from the solar system [28] and provide an explanation of the accelerated expansion of 
the universe [29]. Recently, Wu et al. [30,31] developed the covariant cosmological perturba- 
tion formalism in the case of Brans-Dicke gravity, and applied this method to the calculation 
of cosmic microwave background anisotropy and large scale structures. Furthermore, they de- 
rived observational constraint on the Brans-Dicke theory in a flat Friedmann-Robertson- Walker 
(FRW) universe with the latest Wilkinson Microwave Anisotropy Probe (WMAP) and Sloan 
Digital Sky Survey (SDSS) data [31]. In the Brans-Dicke theory, the gravitational constant is 
replaced with the inverse of a time-dependent scalar field, namely, 0(0 = and this scalar 
field couples to gravity with a coupling a>. 

Since the Brans-Dicke theory is an alternative to the general relativity and evokes wide inter- 
ests in the modem cosmology, it is worthwhile to discuss dark energy models in this framework. 
Recently, the holographic dark energy model has been studied in the framework of the Brans- 
Dicke theory [32] (for the case of the holographic Ricci dark energy, see [33]). In this work, we 
consider the agegraphic dark energy model in the Brans-Dicke theory. We are interested in how 
the agegraphic dark energy evolves in the universe in the framework of Brans-Dicke theory. 

This paper is organized as follows: In Sec. [2l we briefly review the Friedmann equation in 
the Brans-Dicke theory. We study the original agegraphic dark energy and the new agegraphic 
dark energy in Brans-Dicke theory in Secs.[3]and|4l respectively. In Sec.|5l we further discuss 
the new agegraphic dark energy with interaction. In Sec. [6l we give the conclusion. 

2 Friedmann Equation in Brans-Dicke Theory 

First, we will briefly review the Friedmann equation of the Brans-Dicke cosmology. In the 
Jordan frame, the action for the Brans-Dicke theory with matter fields is written as 



where O is the Brans-Dicke scalar field, to is the generic dimensionless parameter of the Brans- 
Dicke theory, and is the Lagrangian of matter fields. In the Jordan frame, the matter mini- 
mally couples to the metric and there is no interaction between the scalar field O and the matter 




(2.1) 
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fields. The equations of motion for the metric g^v and the Brans-Dicke scalar field O are 

1 „ 1 



, (2.2) 

" 2CO + 3 ^' 



as usual, and in cosmology it can be expressed as the form of perfect fluid 



where = (2/ ^/g)6{ ■\/g-CM)/Sg'^'' is the energy-momentum tensor for the matter fields defined 



T!fy=(PM + PAtW^Uy + PMg/iv, (2.3) 

where pm and pm denote the energy density and pressure of the matter, respectively, and U/j 
is the four velocity vector normalized as t/^i7^ = -1. The energy-momentum tensor of the 
Brans-Dicke scalar field O is expressed as 

Note that in the co ^ oo limit of the Brans-Dicke theory, the Einstein's general relativity will be 
recovered. 

Consider now a spatially flat FRW universe containing matter component and agegraphic 
dark energy. For simplicity, we also assume that the Brans-Dicke scalar field is only a time- 
dependent function, namely, O = 0(f). We can get the equations describing the background 
evolution 

H^^H^-^^ = e:^, (2.5) 
O 6 02 30 ^ ^ 

a T a>6^ 6 O Pa 

2- + H^ + + 2H- + - = (2.6) 

a 2 02 O O O 

where H = a/ais the Hubble parameter, a dot denotes the derivative with respect to the cosmic 
time, Pm is matter density, pg is the density of agegraphic dark energy and Pg is the pressure 
of agegraphic dark energy. Assuming 0(?) = (^oait)" (here we have taken = \, where the 
subscript denotes the present day), the Friedmann equation (12.51) becomes 

T OJa^ Pm + Pa 

H\l+a )= \ (2.7) 

^ 6 30 ^ ' 

It is easy to see from the Friedmann equation (12.71) in Brans-Dicke theory that in the limit of 
a ^ the standard cosmology will be recovered. 



3 The Old Version: Age of the Universe as Time Scale 

We shall first consider the old version of the agegraphic dark energy model. In this version, the 
time scale is chosen as the age of the universe. 




(3.1) 
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so in the Brans-Dicke theory the energy density of the agegraphic dark energy is given by 

= 3n^m)T~^- (3.2) 



The Friedmann (|2.7I) can be rewritten as 

H^ = Hla„,oa-^^^"^ + a^H\ (3.3) 

where = (6+6~^)C^g ^^d 

o 2 1 ^ 1 

with «o = 6+6aW - Using Eqs. ^ and dM]), we get 

r da_ _ \_ 1^ 
Jo aH ~ HVn^- ^ ■ 



From Eq. (13.31) . we obtain 

1 = Ja(3-)(l-Q,)-i— . (3.6) 
Considering Eqs. (13.51) and (13.61) . we obtain the eqution of motion for Q.g as 

= ( 1 - Q,) |3 + a - , (3.7) 

where the prime denotes the derivative with respect to In a. The energy conservation equation 
pq + 3H(l + Wq)pq = Icads to 

I din Pa 

= -1 - T-TT-^. (3.8) 
3 a In a 



Using Eqs. (13.71) . (13.81) and Pq = j^Pmoa ^, we get the equation of state of the old agegraphic 
dark energy 

= ( 3 + a - ^ Jnq\ . (3.9) 



Now let us consider the current value of the Brans-Dicke scalar field O. We naturally have 
Oo = l/8;rG today, and obviously we can let Q„,o = (6+6a-^.v^) .^t^g = Thus, the relations 

ooa = 6 and ho = are derived. This leads to Eqs. (13.71) and (13.91) rewritten as 

Q; = Q,(l-Q,)|3 + a-^^j, (3.10) 
Wq = -U3 + a--.lnX (3.11) 



3 \ n 
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Also, we can obtain the deceleration parameter 

g = — 777= \^ • (3-12) 

The solar-system experiments give the result for the value of co is \a)\ > 40000 [28]. How- 
ever, when probing the larger scales, the limit obtained will be weaker than this result. In 
Ref. [34], the authors found that co is smaller than 40000 on a cosmological scale. Specifically, 
Wu and Chen [31] obtained the observational constraint on the Brans-Dicke model in a flat uni- 
verse with cosmological constant and cold dark matter using the latest WMAP and SDSS data. 
They found that within 2cr range, the value of co satisfies co < -120.0 or co > 97.8 [31]. They 
also obtained the constraint on the rate of change of G at present [31], 

- 1.75 X 10^'V"' < - < 1-05 X lO^'^yr"! (3.13) 
G 

at 2cr confidence level. So in our case we get 

aH <\0-^^yr-\ (3.14) 
and it implies 

a < ^ X \0-^^yr-\ (3.15) 
H 

Note that we only consider the positive sector of co. Taking the current value of the Hubble 
constant h ^ 0.7 into account, one can estimate the bounds on a, 

or < 0.01. (3.16) 

Note also that in Ref. [35] Xu, Lu and Li have performed observational constraints on the 
holographic dark energy model in Brans-Dicke theory and they found that the Icr bound on a 
is or < 0.14. 



G 
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Figure \T\ shows the equation of state of dark energy Wq{z) and the deceleration parameter 
of the universe q{z) in the old agegraphic dark energy model within the framework of Brans- 
Dicke theory. To compare the usual case (a = 0) with the Brans-Dicke ones (a + 0), we 
fix n = 3 and vary a in this figure. Note that to make a clear comparison we choose some 
large values for a. Recall that in the usual case the old agegrahic dark energy behaves like a 
thawing quintessence [23]. However, in the Brans-Dicke theory, the equation of state of the 
old agegraphic dark energy can cross the cosmological-constant boundary w = -1 ("phantom 
divide"), realizing the quintom behavior. This can be clearly seen from Eq. (|3.11l) . 
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Figure 1 : The old agegraphic dark energy model in Brans-Dicke theory: the equation of state of dark 
energy Wq(z) and the deceleration parameter of the universe q{z). In this figure, we fix « = 3 and vary a 
to compaie the usual case with the Brans-Dicke ones. We take Q^o = 0.72. 

4 The New Version: Conformal Age of the Universe as Time 
Scale 



We now consider the new version of the agegraphic dark energy model with the dark energy 
density 

= 3n^mr]'\ (4.1) 
where rj is the conformal age of the universe given by Eq. (II. 6|) . 
The Friedmann equation (12.71) can be rewritten as 

H^ = Hln^oa~^'^''^ + n,H\ (4.2) 

where 



= = ^0—- (4-3) 



Combining Eqs. (11.61) and (14.31 ). we obtain 



da 1 / Ho 




(4.4) 



Considering Eqs. (14.41) and (14.21) . we also obtain the equation of motion for Q.^, 

= (l - Q,) (3 + a - Jq^] . (4.5) 

Furthermore, linking the conversation equation of dark energy with pq = -^^pmoa gives rise 
to 

= 1 3 + a - J^l] . (4.6) 

a^/no ^ / 



3 
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As discussed above, we have the relations (oa = 6 and hq = n^, so Eqs. (|4.5I) and (|4.6I) are 
rewritten as 

X / 2 I — \ 

(4.7) 



Q; = ^(l-Q,)(3 + a-£^j 

= -:^|3 + a- — 
3 \ V 

Obviously, the above two equations can also be rewritten as 



-^l,(l-Q,) 



(3 + a) 



1 



-- JU 



1 + z n 



(3 + a)-- J^l^(l+z) 



(4.8) 



(4.9) 



(4.10) 



When considering the range of the fractional dark energy density <Q.q< 1 , one can see from 
Eq. (I4.10|) that the equation of state of the new agegraphic dark energy is in the range 



1 



1 



- (3 + a) < < -- 3 + a - -(1 + z) , 



(4.11) 



so it is obvious that in the Brans-Dicke gravity case the new agegraphic dark energy can realize 
the quintom behavior, i.e., the equation of state of dark energy can cross - 1 during the evolution. 
The deceleration parameter q in this case has the same form as Eq. (13.121) . 



To illustrate the new agegraphic dark energy model in Brans-Dicke cosmology, we plot 
the fractional dark energy density 0.q{z), the equation of state of dark energy Wq{z) and the 
deceleration parameter of the universe q{z) in Fig. [2l The initial condition in this case is 
^a{zini) = 'ln[^"\2 at somc large enough Zini, and we choose zm = 2000 following Ref. [22]. 
So, in the case of Brans-Dicke cosmology, the dynamical behavior of the agegraphic dark en- 
ergy is determined by the parameters n and a. We first fix a = 0.0001 and compare the cases 
with different n, see the upper three panels of Fig. [21 Next, we fix n = 3 and compare the usual 
case {a = 0) with the Brans-Dicke one (a = 0.1), see the lower three panels of Fig.|2l Note that 
for making a distinct comparison we take a large value of a, namely, a = 0. 1 , as the example. In 
the usual cosmology, the new agegraphic dark energy behaves like a freezing quintessence [23], 
i.e., the equation of state Wq > -1 in the past and Wq -1 in the future. However, in the 
Brans-Dicke cosmology, the new agegraphic dark energy behaves no more like a quintessence 
but like a quintom. From Fig. |2]one can see that when a the equation of state of dark energy 
Wq will cross -1 in the future (z approach -1). 
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Figure 2: The new agegraphic dark energy model in Brans-Dicke theory: the fractional dark energy 
density the equation of state of dark energy Wq{z) and the deceleration parameter of the universe 

q{z). Here we use the initial condition Q.JZmi) = ^.f^^^^L at zm = 2000. In this figure, we first fix 
a - 0.0001 and compare the cases with different n, and then we fix ?i = 3 and compare the usual case 
(a = 0) with the Brans-Dicke one (a + 0). 

5 New Agegraphic Dark Energy Model with Interaction 

The interacting model of new agegraphic dark energy model in the usual cosmology has been 
studied in detail in Ref. [25]. In this section, we study this model in the Brans-Dicke cosmology. 

Without a microscopic mechanism to characterize the interaction between dark energy and 
matter, we have to use a phenomenological term Q to describe the energy exchange between 
dark energy and matter, so the continuity equations can be written as 

p,„ + 3//p,„ = 2, (5.1) 

p, + 3//(l + = -e, (5.2) 

which preserve the total energy conservation equation p„, + + 3// (p,„ + p^ + = 0. 
From Eq. (14.31) , we get 

Using Eqs. (12771) . (1431) . (|431) and (ISTTl) . we obtain 

(5.4) 
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Therefore, we find that the equation of motion for Q.^ is changed to 



(3 + a) - 



hq a 



2Q 



{6 + 6a- toa^)<!>it)H^ 



(5.5) 



Furthermore, from Eqs. (15.21) . (14.31) and (14.11) . we obtain the equation of state of dark energy 

1 2 O 

= --[(3 + a) - + 7^]. (5.6) 

J yrio ci Hpq 



With the relation coa = 6, we have = n^, as discussed previously. In addition, as a 
phenomenological example, we take Q = 3jS//(p„, + p^^), where /3 is the coupling constant, 
following the literature. So, Eqs. (15.51) and (15.61) can rewritten as 



dz 



= -a,|(l-a/) (3 + a)(l +z)-^ 



2 ,^ 



3Al+z)"'L 



w, = 4[(3 + a)-^7^^(l+.) + |]. 



(5.7) 
(5.8) 




a=0.0001 
P=0.002 




a=0.0001 
(i^O.002 



Figure 3: The interacting model of new agegraphic dark energy in Brans-Dicke theory. In this example, 
we fix a and ^, and vary n. 
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Figure 4: The interacting model of new agegraphic dark energy in Brans-Dicke theory. In this example, 
we fix a and n, and vary yS. 
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To illustrate the cosmological evolution of the interacting model of new agegraphic dark 
energy in Brans-Dicke theory, we plot the fractional dark energy density Q.q(z), the equation 
of state of dark energy Wg(z) and the deceleration parameter q(z) in Figs. |3] and |4l For the 
interacting case, the same initial condition QJzm) = 'lni*% Zini = 2000 can still be used, for 
the detailed discussion see Ref. [25]. First, to see the effect of the agegraphic model parameter 
n, as an example, we fix a = 0.0001 and /3 = 0.002, and vary n (from 2 to 5), as shown in Fig.[3l 
From this figure, it is very interesting to find that the interaction could break the early-time 
degeneracy in for various values of n (see Fig. |2]for comparison). Next, to see the effect 
of the interaction parameter /3, as an example, we fix n = 3 and a = 0.0001, and vary /3 (the 
value is taken as -0.04, -0.02, 0, 0.02, and 0.04, respectively), as shown in Fig. HI From this 
figure, one can clearly see the impact of the interaction between dark energy and matter on the 
cosmological evolution of the new agegraphic dark energy model. It can be explicitly seen from 
the left panel of Fig.|4]that /3 < will lead to unphysical consequences in physics, since p,n will 
become negative and will be greater than 1 in the future. So, /3 = is commonly assumed 
in the literature. 

6 Conclusion 

In this note, we study the agegraphic dark energy model in the framework of Brans-Dicke 
gravitational theory. The Brans-Dicke theory is a natural alternative and a simple generalization 
of the Einstein's general relativity. It is also the simplest example of a scalar-tensor gravitational 
theory. In the Brans-Dicke theory, the gravitational constant is replaced with the inverse of a 
time-dependent scalar field. We investigated how the agegraphic dark energy evolves in the 
universe in such a gravitational theory. In the Brans-Dicke cosmology, we derived the equation 
of state of dark energy Wq{z) and the deceleration parameter q(z) in both old and new versions of 
agegraphic dark energy model (in spit of the internal inconsistencies in the old version). In the 
usual cosmology, the agegraphic dark energy behaves like a quintessence: the old agegraphic 
dark energy looks like a thawing quintessence and the new agegraphic dark energy mimics a 
freezing quintessence. However, it is very interesting to find that in the Brans-Dicke theory 
of gravity the agegraphic dark energy (both old and new) realizes a quintom behavior, i.e., 
its equation of state crosses the phantom divide w = -1 during the evolution. We compared 
the situation of the agegraphic dark energy model in the Brans-Dicke theory with that in the 
Einstein's theory. In addition, we also discussed the interaction model of the new agegraphic 
dark energy model in the Brans-Dicke theory. 
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